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Abstract

Let R be a one-dimensional noetherian domain containing the field @ of rational numbers.
Let A be an A2-fibration over R. Then there exists H € 4 such that 4 is an A'-fibration over
R[H]. As a consequence, if 2, is free then 4 = R©1.

AMS classification: Primary 13B25, secondary 14D99

1. Introduction

Let R be a commutative ring with unity. Let R denote a polynomial ring in
n variables over R. For a prime ideal P of R, K(P) denotes the field Rp/PRp. An
R-algebra A is said to be an A"-fibration over R if

(1) A 1s finitely generated over R.

(11) A is flat over R.

(ii)) 4 ®g K(P) = K(P)! for every prime ideal P of R.

If R is a discrete valuation ring containing Q (the field of rationals) and A4 is an
A’-fibration over R, then in [9, Theorem 1] Sathaye has proved that 4 = R?), As
a consequence, if 4 is an A*-fibration over a Dedekind ring R containing @, then by
the result of Bass—Connell-Wright [4, 4.4] A =~ Symg(E) for a finitely generated
projective R-module E of rank 2. On the other hand, if a discrete valuation ring R does
not contain @ then Asanuma [2, 5.1] has shown that there exists an A2-fibration
A over R such that 4 R

In view of the above mentioned results, it is natural to ask: How does an A2-fibration
arise over an arbitrary one-dimensional noetherian domain R containing Q? An obvious
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way of constructing A2-fibrations over R is to take the tensor product of A'-fibrations
B and C over R. Let us call such A2-fibrations decomposable. Then one would like to
know whether all A2-fibrations over a one-dimensional noetherian domain R (con-
taining Q) are decomposable. Example 3.12 of this paper shows that not all A%-
fibrations are decomposable.

Another way to construct an A2-fibration over R is to take an A'-fibration B over
R (e.g. B = R™)) and take an A'-fibration 4 over B. In this paper we show that this is
the only way to construct A>-fibrations over R. More precisely, we prove (see
Theorem 3.8}

Theorem. Let R be a one-dimensional noetherian domain containing the field Q of
rational numbers. Let A be an A%-fibration over R. Then there exists H € A such that A is
an A'-fibration over R[H].

As a consequence of this theorem we show that (see Corollary 3.9) if Q4 is
extended from R then A = Symg(E). In particular, if R is local, then 4 = R Thus,
Q,,r being not free is the only obstruction for the result of Sathaye to be not true for
an arbitrary local domain R of dimension 1.

In Section 2 we set up notations and quote some results for later use. In Section 3
we prove our main theorems.

2. Preliminaries

Throughout this paper all rings will be commutative, noetherian with unity. We
now set up notations and state some results for later use.

Q: field of rational numbers.
For a commutative ring R,

R™: polynomial ring in n variables over R.
For an R-module E,

Symg(E). symmetric algebra of E over R.
For a prime ideal P of R,

K(P). Rp/PRp.
For a finitely generated R-algebra A,

Q4;r: universal module of R-differentials of A.
For elements F, GeR[X, Y] = R,

Jx. n(F, G): (OF/0X)(0G/0Y) — (OF/0Y )(0G/0X)



T. Asanuma, S.M. Bhatwadekar | Journal of Pure and Applied Algebra 115 (1997) 1-13 3

Definition 2.1. An R-algebra A is said to be an A’-fibration over R if the following
hold:
(1) A is finitely generated over R.
(ii) A is R-flat.
(i) A ® g K(P) = K(P)"! for every prime ideal P of R.

Definition 2.2. An A’-fibration A over R is said to be decomposable if there exists an
A'-fibration B over R and an A™fibration C over R for positive integers ! and m such
that A = B®z C as R-algebras.

Definition 2.3. Let A be a ring and R a subring of A. R is said to be a retract of A if
there exists an R-algebra homomorphism «: 4 — R.

We will now quote some results which will be needed in this paper. We begin with
the following result [2, 3.4]:

Theorem 2.4. If A is an A'-fibration over a commutative noetherian ring R, then Q 4 g is
a finitely generated projective A-module of (constant) rank r and A is (upto an
R-isomorphism) an R-subalgebra of R"™ for some m such that

Am = Syleml(R[m] ®A QA/R):
as R-algebras. Therefore A is a retract of R™ for some n.
Next we state a result which follows from [4, 4.4]:
Theorem 2.5. Let R be a noetherian commutative ring and let A be a finitely generated
R-algebra such that Ay ~ RY} as Ry-algebras for all maximal ideals M of R. Then,
A = Symg(E) for some finitely generated projective R-module E of (constant) rank r.

The following result is due to Hamann [7, 2.8]:

Theorem 2.6. Let R be a noetherian ring containing Q. Then, R is R-invariant, that is,
if A is an R-algebra such that A™ = RI™*1) g5 R-algebras, then A = R

As a consequence of Theorems 2.4-2.6 we derive the following:

Proposition 2.7. Let R be a noetherian ring containing Q. Let A be an A'-fibration over
R such that Qg is extended from R. Then, A =~ Symg(L) as R-algebras for some finitely
generated projective R-module L of (constant) rank 1:

The next theorem is due to Sathaye [9, Theorem 17:
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Theorem 2.8. Let R be a discrete valuation ring containing Q. Let A be an A2-fibration
over R. Then, A = R®!.

The following theorem is the famous epimorphism theorem of Abhyankar and
Moh [1]:

Theorem 2.9. Let K be a field of characteristic 0. Let f(Z), g(Z) be two elements of
K[Z] (=K"y such that K[Z]=K[f(Z), g(Z)] where deg;f(Z)=m>0,
degz g(Z) = n > 0. Then, either m divides n or n divides m. As a consequence, if
WeK[X,Y] (=K%¥) be such that K[X,Y]/(W)=K" as K-algebras, then
K[X,Y]=K[w].

We conclude this section by stating a result from [6, 3.1]:

Theorem 2.10. Let R be a noetherian ring of finite (Krull) dimension d. Let E be a finitely
generated projective R"M-module of rank >d + 1. Then, there exists a surjective
R"V-linear homomorphism  : E — R, In particular, if d = 1, and E is a finitely gener-
ated projective R™™-module of constant rank m with /\"E = R™ (as R"-modules), then
E is free (of rank m).

3. Main theorems

In this section we shall prove our main theorems (Theorems 3.8 and 3.11). For the
proof of these theorems we need some lemmas. We begin with

Lemma 3.1. Let K be a field of characteristic 0. Let K[U,V] =K and let
f(U)eK[U] and g(V)YeK[V] be such that degy f(U) > 0 and deg, g(V)> 0. Let
WU, V)=f(U)+g(V). Then K[U, V]/(h(U, V)) is a reduced ring.

Proof. Since dn(U, V)/oU = f'(U) (=df (U)/dU), h(U, V)/oV = g'(V) (=dg(V)/dV)
and f'(U), g'(V) are non-zero, we have ht(©h(U, V)/oU, oh(U, V)/oV) > 2. Therefore
the result follows. [

Lemma 3.2. Let T be a ring containing Q and let a;, ..., 0,4 be n + 1 distinct rational
numbers. Let F(X, Y)e T[X, Y ] be a homogeneous polynomial in X and Y of degree n.
Then there exist ty,...,t,4 €T such that F =Y t(X + o, Y )"

Proof. Since it is enough to prove the result for monomials of the type X'y™
(I + m = n), without loss of generality we can assume that T = Q. In that case it is
enough to show that the (homogeneous) polynomials (X + «,Y )", 1 <i<n + 1, are
linearly independent over Q.
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Let By, ..., Bu+1€Q be such that

n+1

Y Bi(X +2Y) =0,

The above equation implies that Y7+ ! alf; = Oforallj,0 < j < n. Therefore we get the
following matrix equation:

(81, s Bar1JA =1[0,...,0].

where A is the (n + 1 xn + 1) Vandermonde matrix whose (i, j)th entry is o/~ *. Since
oq,...,0,+1 are all distinct, the matrix A is invertible. Therefore B; =0 for
Il<i<n+ 1

Thus the polynomials (X + «; Y)Y, 1<i<n+1, are linearly independent
over Q.

Lemma 3.3. Let R be a one-dimensional noetherian domain containing Q. Let A be an
A2-fibration over R. Then there exists a finite birational extension T of R and a finitely
generated projective T-module L of rank 1 such that A®g T = Symp(L)'.

Proof. Let K denote the quotient field of R and R denote the normalization of R.

Since A ® g K = K™ and 4 is finitely generated over R, there exists t(# 0)e R such
that A[1/t] = R[1/£]"*L If t is invertible then there is nothing to prove. So we assume
that ¢ 1s not invertible.

Let S = 1 + tR. Then Ry is semilocal and hence Rj is a semilocal principal ideal
domain. Therefore (A ®gR)s = R by Theorems 2.5 and 2.8. Hence as before
there exists se S such that A ® g R[1/s] = R[1/5]"*%. Since 4 is flat over R and every
finite birational extension of R[1/s] is of the type R’[1/s] where R’ is a finite bi-
rational extension of R, it follows that there exists a finite birational extension T of R
such that A ®g T[l/s] = T[1/s]¥). Moreover, as A [1/t] = R[1/t]'¥), we have
A®g T[1/t] = T[1/t]™,

Thus A ®z T[1/s] = T[1/s]¥, A®@x T[1/t] = T[1/t]"¥ and tR + sR = R. There-
fore by Theorem 2.5, there exists a finitely generated projective T-module E of rank
2 such that A @ g T = Symy(E). Since rank E = 2 > dim T, by a theorem of Serre [3,
Corollary 2.7, p. 173], E=~ L@ T. Therefore A @z T = Symp(L)**. [

Lemma 3.4. Let T be a noetherian ring and let I and N be proper ideals of T such that
I + N =T. Let L be a finitely generated projective T-module of (constant) rank 1 such
that L/IL is free over T/I and let X € L/IL be a generator of L/IL. Let B = Symy(L) and
D =B[Y](=B™M). Then D/ID = (T/I)[X, Y] (=(T/I}*). Moreover if X,, Y ,eD/ID
be such that

(X1, Y) = (X, Y +f(X)) or (X+g(Y)Y)

where f(X)e(T/D[X] and g(Y)e(T/D[Y ], then the T/I-algebra automorphism 0 of
D/ID (=(T/D[X, Y]) given by 6(X) = X,, 8(Y) = Y, can be lifted to a T-algebra
automorphism ¢ of D such that o = identity (mod ND).
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Proof. Since I + N = T, there exists an element se N such that 1 — sel. Now, as
D/ID =(B/D[Y ] = Symy;(L/IL)[Y] and L/IL is a free T/I-module of rank 1 with
a generator X, it is easy to see that D/ID = (T/)[X, Y] (= T/I'*).

IfX,=Xand Y, =Y + f(X)with f(X)e(T/I)[X] (= B/IB) then let b e B be such
that b (the image of b in B/IB) = f(X). Let ¢ be a B-algebra (and hence a T-algebra)
automorphism of D (= B[Y ]) such that ¢(Y) = Y + sb. It is clear that ¢ is a lift of
f and ¢ = identity (mod ND).

Now suppose that X; = X + g(Y)and Y, =Y. Lety: L/IL - (T/I)[Y ] be a T/I-
module homomorphism given by ¥(X) = ¢g(Y). Then since L is T-projective, |y can be
lifted to a T-module homomorphism n:L — T[Y]. Let ¢ = sy and let p: L — D be
a T-module homomorphism given by p(e) = e + ¢(e) for ee L. Since B = Symp(L)
and D is commutative, p gives rise to a T-algebra homomorphism ¢:B - D
(= B[Y]). We extend ¢ to a T-algebra endomorphism of D (which we still denote by
o) by puttingo(Y) = Y. Since D = Sym(L)[Y ],and ¢p(e)e T[Y] VeeL, it is easy to
see that ¢ is a locally (i.e. taking all local rings of T') automorphism. Hence ¢ is
a T-algebra automorphism of D such that ¢ is a lift of 6. Since s€ N, it is obvious that
¢ = identity (mod ND).

We here note that D = Symq(a (L)) [0(Y )] and a(L)/Ia(L) is a free T/I-module with
a generator X;. []

The following lemma is an easy consequence of Theorem 2.9:

Lemma 35. Let K be a field of characteristic 0 and let W e K[ X, Y] (= K1) be such
that K[X, Y] = K[W ")) Then there exists a sequence (X;, Y;), 1 < i <, of pairs of
variables in K[ X, Y] such that Y; = W and

(XOa YO) = (X’ Y)’
(X5, Y)=(Xi-, Yioy +filXi-)) or (Xioy +gi(Yio1), Yicy),
where fi(X;-1)e K[X;-1), g:(Y;-)eK[Y;—,] for1<i<l
Proof. Since K[X, Y] = K[W '] we have K[X, Y](W)=K(Z). Let ¥:K[X, Y] —
K[Z] be a surjective K-algebra homomorphism such that ker(¥) = (W).
If ¥(Y)eK then there exists 6 € K such that ¥(Y — ) = 0 and hence there exists

Be K* such that W = B(Y — ). Let a = ! and A = 1 — a. Now consider the pairs
(X;, Y:), 1 <i<4, of variables defined as follows:

(Xla Y1)=(X5Y_5)5 (Xz’ Y2)=(X1a Y1“X1);
(X3, Y3)=(X; + Y, Y)), (X4, Yo) = (X3, Y3 + BX3).

It is easy to check that Y, = W. Therefore we are through.
If ¥(X)eK, then define

X, Y)=(X+Y,7Y), (X2, Yo)= (X1, Yy — X))
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Then Y, = — X and hence ¥(Y,)e K. Therefore we are through by applying the
previous argument to Y,.

In view of the previous cases, to complete the proof it is enough to show that if
deg, ¥(X)=m >0 and deg, ¥(Y)=n >0 then there exists a pair of variables
Xy, Y| such that

(X1, Y)=(X, Y +f(X)) or (X;,Y;)=(X+g(Y)7Y)
and
deg, P(X ) + deg; P(Y ) < degz P(X) + deg; P(Y).

We deal with the case m < n. The other case is similar.

By Theorem 2.9, there exists an integer d such that n = md. Let p and v be the
leading coefficients of ¥(X) and ¥(Y) respectively. Let m = vy~ % and let (X, Y,) =
(X, Y — nX?. It is easy to see that the pair (X, Y,) has the required properties.

Thus the proof is complete. [

Lemma 3.6. Let T be a noetherian ring containing Q. Let My, ..., M, be maximal ideals
of T and let J = (\'_, M,. Let L be a finitely generated projective T-module of
(constant) rank 1. Let B = Symy(L) and D = B[Y] (= B"™)). Then D/JD = (T/J)*.
Moreover if FeD is such that D/JD = (T/J)[F 1", where F denotes the image of F in
D/JD then there exists a T-algebra automorphism ¢ of D such that F = ¢(Y ) mod (JD).

Proof. Since T/J is a finite direct of fields, it is easy to see that D/JD =
Symp,(LIJL)[Y] = (T/J)2.

Let T/M; = K; and let W, be the image of F in D/(M;D) (= K{*)for 1 <i <[ Then
D/JD =(T/J)[F 1" implies that D/(M;D) = K,{Ww ;]

LetN; = ﬂj,éiMj.Then M;+ N;=Tfor1 <i <1l Inview of Lemmas 3.4 and 3.5,
it is easy to see that, for 1 < i < I, there exists a T-algebra automorphism o; of D such
that

(i) F =06(Y)mod(M,D).

(i) o; = identity(mod N ;D).

let 0=0,--0,. Then og=omod(M;D) for 1<i<l Therefore F=
a(Y)mod(JD). O

Proposition 3.7. Let T be a noetherian ring containing Q. Let I and J be two proper
ideals of T such that I = J \/} Let L be a finitely generated projective T-module of
(constant) rank 1 such that L/IL is free. Let B = Symy(L) and D = B[Y] (= B1)). Let
FeD be such that F = Y mod (JD). Then there exists a T-algebra automorphism ¢ of
D such that F = o(Y)mod (ID).

Proof. It is easy to see that since I = J < /I there exists an increasing sequence
I=Iycl,- cI,=J of ideals of T and elements t,...,t, of T such that
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Ij=1;_y + (t;) witht;el;_, for 1 <j < m. Therefore it is enough to prove the result
in the case J = I + (f) with t2 €. Let F, f denote the images of F and t respectively in
D/ID. Then F = Y mod (JD) implies that there exists fe D/ID such that F = Y + ff.

Since L/IL is free (of rank 1) we have D/ID = (T/I)[X, Y] (=(T/I)}*)) where X is
a generator of T/I-module L/IL. Let f=f, + -+ + f,, where f; is a homogeneous
polynomial in X and Y of degree j, 0 <j < n.

Let ay,...,a,+; be distinct rational numbers. Then by Lemma 3.2 there exist
elements r;;, 1 <i<n+1,0<j<nof T/I such that

n+1
fi= XX +aY), 0<j<n

i=1
Let g;e(T/IT )} be such that

g,(X + otiY) = Z rij(X + aiY)j.

ji=0
Then

n+1
i=1
Let ag=0 and B;i=o;— ;- for 1 <i<n+ 1 Now for every integer
m (0<m<2(n+1) we define inductively a pair (Z,, W,) of variables in
(T/DH[X, Y] (= D/ID) as follows:

(ZO5 WO) = (Xa Y)y

(Zm—l +Bin—1’ Wm—l) if m=2i— 1,

o W) = {(Zm—l’ W1 +19Zp-1) if m=2i

It is easy to see that since t* =0 and o; = a;_; + f;, there exist elements 0 =
hi,...,h,+ 1€D/ID such that

i—1
<X+aiY+t71,~,Y+t_z gk(X+ozkY)> if m=2i—1,
(Zm7 Wm) = k=i1
<X +o,Y +th, Y +1 ) gu(X + ockY)> if m=2i
k=1

In particular Wy, = Y + Y0 (X + oY) =F.

Let 6,,:D/ID — D/ID (=(T/I)*Yy be a T/IT-algebra automorphism defined by
0n(Zp_1) =Z,and 6,(W,_,) =W, for 1 <m <2(n+ 1). Then by Lemma 3.4 (and
by induction on m) 8, can be lifted to a T-algebra automorphism o, of D. Let

0 = Gp+1) - 01. Then o is a T-algebra automorphism of D such that ¢(Y) (the image
Of O'(Y) in D/ID) = Wz(,,+ 1) = F_
Thus the proof is complete. [
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Theorem 3.8. Let R be a one-dimensional noetherian domain containing Q and let A be
an A2-fibration over R. Then there exists He A such that A is an A'-fibration over
R[H].

Proof. By Lemma 3.3, there exists a finite birational extension T of R such that
ARr T = (Symp(L)[Y] (= Symp(L)') for some finitely generated projective T-
module L of rank !. Let B = Symy(L)and D = B[Y]1=A®rT.

Let I denote the conductorideal of T over R. If T = Rthen A = D = B[Y ] and in
this case taking H = Y we are through. Therefore we assume that R # T In that case,
since T is finite and birational over R, we have htg(I) = hty(I) =1 and hence
dim(R/I) = 0. Therefore A/IA = (R/I}**).

Let Fe A be such that A/IA4 = (R/I)[F']1"), where F’ denotes the image of F in
A/IA. Since Rc— T and A is flat over R, we have A< D (= A ® g T') and therefore

we can regard F as an element of D also. Let J = \/} in T and let F denote the image
of F in D/JD. Then it is easy to see that D/JD = (T/J)[F ]!,

Since J is an intersection of finitely many maximal ideals of T, by Lemma 3.6
there exists a T-algebra automorphism 7 of D (=(Symg(L))[Y]) such that
F=1(Y)mod(JD). Let Y,=1(Y) and L, =rt(L). Then, since D=1(D)=
(Symp(L1))[Y1], and J is the radical of I in T, by Proposition 3.7 there exists
a T-algebra automorphism ¢ of D such that F = ¢(Y;)mod(ID).

Since I is the conductor ideal of T over R, D = A®x T and A is flat over R, it
follows that ID = [ A. Therefore, as Fe A and F = o(Y;)mod (ID), we get o(Y)e A.
Let H = o(Y)).

The rest of the proof is devoted to show that 4 is an A'-fibration over R[H].

Let P be a prime ideal of R. If I ¢ P then Rp = Tp. Therefore 4p = Dp = Rp[H]L
If TP then as F=¢(Y;)mod(ID) and H =a(Y,), IA =1ID it follows that
F = Hmod (PA). Therefore A/PA = (R/P)[H 1", where H denotes the image of H in
A/PA. Hence, as R[H] (= Ry and A are flat over R, A is an A!-fibration over R[H]
by [5, 3.8].

Thus the proof is complete. [

Corollary 3.9. Let R be a one-dimensional noetherian domain containing Q. Let A be an
A*-fibration over R such that Q4 is extended from R. Then there exists a finitely
generated projective R-module L of rank one such that A = Symg(L)"'). In particular if
Qg is free then A = R\,

Proof. Since 4 is an A2-fibration over R, by Theorem 2.4 Q, is a finitely generated
projective A-module of rank 2. Therefore, as €,z is extended from R and 4
is faithfully flat over R, there exists a finitely generated projective R-module E of
rank 2 such that 4 ® g E = Q,&. Since rank E = 2 > dim R, by a theorem of Serre
[3,Corollary 2.7, p. 173] E= L@ R. Hence Q r =2 (A@rL)® A.
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Now by Theorem 3.8, there exists H in A such that A4 is an A'-fibration over R[H].
Therefore we get the following right exact sequence of A-modules:

A @ e Lrigyr = Layr = Qayrp ~ 0.

Since Q,4r and £4g are projective A-modules of rank 2 and 1 respectively and
R[H] = R™, the above sequence is also left exact. Therefore

ARrLD®A=Qur = Qupn® A
showing that 4 ® g L = Q4 r(z)- Therefore by Proposition 2.7,
A= SymR[H](R[H] ®RL) = SymR(L)[”.

Furthermore if Q 4¢ is free then, it is easy to see that A ® g L =~ A and hence (as R is
a retract of A) L =~ R. Therefore in this case A = R, [

Remark 3.10. If R is a one-dimensional seminormal noetherian domain and 4 is an
A’-fibration over R, then by Theorems 2.4 and 2.10 it is easy to see that Q, is
extended from R.

Let A be an A’-fibration over a noetherian ring R. Then by Theorem 2.4 A is
a retract of R™ for some n. The following theorem gives sharp bound on n when r = 2
and R is a one-dimensional domain containing Q.

Theorem 3.11. Let R be a one-dimensional noetherian domain containing Q. Let A be an
AZ-fibration over R. Then A is a retract of R1).

Proof. By Theorem 3.8, there exists H € 4 such that A is an Al')-fibration over R[H].
Therefore £ 4 is a finitely generated projective A-module of rank 1. Let

Q* = HOmA(QA/R[H], A) and C = SymA(Q*)

Then A is a retract of C. Therefore it is enough to prove that C = R[H]"! = RB! The
rest of the proof is devoted to show that C = R[H]"*.

From the construction it is obvious that C is an A2-fibration over R[H] such that
Qc,ria 18 a free C-module of rank 2. Therefore to prove that C = R[H]™), it is enough
to show by Theorem 2.5 that C ® g Ry [H] = Ry [H]™! for every maximal ideal
M of R. Hence without loss of generality we can assume that R is local.

By Lemma 3.3, there exists a finite birational extension T of R such that
A®g T = Symp(L)M for some finitely generated projective T-module L of rank 1.
Since R is local and T is a finite extension of R, T is semilocal, and hence L is free of
rank 1. Therefore A ® g T = T'?. Moreover A ® zx T is an Al-fibration over T[H].
Let D = A®gx T. Then as in Corollary 3.9 we conclude that

Qpir = Qprin D (Qryr @ 11y D).

Therefore 2p;rm; is a free D-module of rank 1.
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Let R’ denote the seminormalization of R in T and let D' = A ®z R’. Since R’ is
seminormal in T and R’, T are semilocal, it follows from [8, Theorem 9] that the
canonical map Pic(R™) — Pic(T™) is injective for every positive integer m. Since D’
is an A'-fibration over R'[H], by Theorem 2.4, D’ is a retract of R’'[H]™ for some n.
Therefore, as D = D’ ®g T, it follows that the canonical map Pic(D) - Pic(D) is
injective. Hence, as Qp, g is free of rank 1, it follows that Qp g is free. Hence by
Proposition 2.7, D' = R'[H]1,

Let I denote the conductor ideal of R’ over R. Then, since R’ is the seminormaliza-
tion of R in T and R is local it is clear that R’ is also local and (R'/I);q =
(R/I);eq = (R/M) = (R’/N), where M and N denote the maximal ideals of the local
rings R and R’ respectively.

Since D' = A®z R’ = R'[H]", it follows that

C®xR = Sym (Q*) @D = Symp(Q* ® ,D') = R [H]?\.

Let C' = C®gR. Let Y e C’ be such that C' = R'[H][Y ]!, Since C is flat over R,
we can regard C as a subring of C'. Moreover, as I is the conductor ideal of R" over
R with (R'/I);eq = (R/I);eq = (R/M) = (R’/N), from the definitions of C and C’ it is clear
that (i) (/C) = (IC’) and (ii) (C'/NC")) = (C/(MC)).

Let FeC be such that F = Ymod(NC'). Then as C' = R'[H]'¥ = R [H]M[Y] by
Proposition 3.7 there exists an R'[H]-algebra automorphism ¢ of C’ such that
F =0(Y)mod(IC). Since Fe C and (IC) = (IC"), we get that 6(Y)e C. Let G = a(Y).

Claim. C is an A'-fibration over R[H, G].

Assume the Claim for the time being. Since

Qeirun = (C @rin, 61 Prin, syrim) @ Qerin, 6)

and Qcrmy is a free C-module of rank 2 it follows that Q¢ iy, ¢ is free of rank 1.
Therefore in view of the Claim and Proposition 2.7, we get that C =
R[H, G111 = R[H]™,

Thus the proof of the theorem will be complete if we prove the Claim.

Proof of the Claim. Since C' = C ®z R’ = R'[H, G]'Y and R/M = R’/N, we get that
C/(MC)=C'/(NC') = R/M[H, G]"'!, where H, G denote the images of H, G respec-
tively in C/(MC). Therefore, as R and R’ are birational and C, R[H, G] are flat over
R[H] by [5, 3.8], C is an A!-fibration over R[H, G].

Thus the Claim and hence Theorem 3.11 is proved. [J

We conclude this paper by giving the following example of an indecomposable
A?-fibration over a one-dimensional noetherian domain R containing Q. In view of
Corollary 3.9 and Remark 3.10 it is clear that such a ring R ought not to be
seminormal. This example shows that Theorem 3.8 is (in some sense) best possible for
an arbitrary domain R.
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Example 3.12. Let K be a field of characteristic 0. Let
T=K[Z](=K"), R=K[Z%2Z%],

D=T[X,Y](=T¥), A=R[X,Y + Z(X*Y?)] +(Z°D).
Claim. A is an indecomposable A*-fibration over R.
Proof. We first prove that A4 is an A*-fibration over R.

Let I = (Z2T) = ((Z%, Z*)R). Then [ is the conductor ideal of T over R. Therefore
the following square of rings is cartesian:

R < T

R/I < TJ/I

Moreover A is the pullback of T-algebra D= T[X,Y] and R/I-algebra
(R/)[W,, W,] through T/I-algebra isomorphism ¢ defined by

a(W,) =X, o(Wy) =Y +(ZX*)Y?,

where Z denotes the image of Z in T/I. Therefore by [10, 3.1], 4 is a retract of
a polynomial algebra over R. Hence A is finitely generated and flat over R. Now, as
A®rT =D and A/(IA) = (R/I)[W,, W,] it is easy to see that 4 is an A>-fibration
over R.

Now we show that A is indecomposable.

If A is decomposable then there exist A!-fibrations B and C over R such that
A = B®pgC as R-algebras.

Since B is an Al-fibration over R, it is clear that B is the pullback of T-algebra
T[U] and R/I-algebra R/I[W] through T/I-algebra isomorphism 6 defined by
(W)= U + Zh(U), where Z denotes the image of Z in T/I and h(U)e(T/D)[U].
Similar considerations hold for C.

From the above discussion it is obvious now that if 4 = B ®z C then there exist U,
VeD and f(U)e TLU], g(V)e T[V ] such that

D=T[X,Y]=T[U,V] and A=R[U+Zf(U), V + Zg(V)] +(Z*D).

Let jTU—), g(V) denote the images of f(U), g(V) in D/ID). Since D/(ID)=
(K[Z1/Z*)[U, V1, it follows that there exist f;, g, € K!! such that Zf(U) = Zf,(U)
and Zg(V) = Zg,(V). Let

U, =U + Zf(U), Vi=V+Zg, (V)

X1=X, Y1=Y+Z_X2Y2
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Then A/JA)=K[X., Y,1=K[Uy,V:1=K? and D/ID)=(T/D[X,Y]=
(T/DIU, V] =(T/D[U1, V11 = (T/DIX1, Y,]. Therefore in D/(ID) we have

1 +2ZX%Y = Jan(X1, Y1) =Jw, v X1y, YIw (U V), n(U, V).

Since A/(IA)=K[X,Y]=K[U,V{]and D=T[X,Y]=T[U, V], it follows
that J(Ul,Vl)(Xl’ Yl) and J(x. y)(U, V)GK*. Moreover

Ju.nUL V) =1+ Z(f{(U)+ g1 (V).

Therefore in D/(ZD) = K[X, Y] = K[U, V] we have 2(X?Y) = f{(U) + g1(V). This
is a contradiction by Lemma 3.1.
Thus the proof is complete. [

Remark 3.13. Note that by suitable reductions (and appropriate modifications in
the proofs) it is easy to see that Theorems 3.8 and 3.11 and Corollary 3.9 will be true
for any arbitrary one-dimensional noetherian ring R containing Q@ which is not
necessarily a domain.

Remark 3.14. The proof of Theorem 3.11 essentially shows that: If R is a one-
dimensional noetherian ring containing Q, S = R™ and A is an A'-fibration over S, then
A is a retract of S,
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